PE THAM KHAO THI HKI - TOAN 9 (LOP CHUYEN - NANG CAO)
Nim hoc: 2021 — 2022 Thoi gian 1am bai: 150 phat (khong ké thai gian phat deé)
Pé thi co: 02 trang Hinh thic: tur luan

Ngudi soan dé: Nguyén Khanh Ninh (hé thire co ban + toan thuc té)

Cau 1. (2,25 diém)

V13 +147 — /7 =27 4 233 — 16
V5 + V3 —+/23 - /507 2V3+1
2/ Giai phuong trinh: v100xZ — 180x + 225 — V36x2 — 108x + 81 = 2x + 12

1/ Rat gon: A =

2x -3 Vx — 4 1
3/ChoB = — +
x—2Vx+1 x—-Vx xJVx-2x++x
_ 5xvx + 320 5x +12Vx+7  9Jx —17
T oxx —4x + 16Vx x—1 x —x

Véix >0 va x # 1. Chang minh: B + C 1a mét hang sb
Cau 2. (1,5 diém) Trong mat phang toa do Oxy cho duong thang
(d1): y = (2m —3).x + m + 2 v6i m la tham s6
a/ Tim diém cd dinh ma duong thang (di) ludn di qua véi moi m
b/ Trong truwong hop m = 2
+ V& (d1) trén hé truc toa do
+ Lap phuong trinh duong thang (dz) biét (d2) cit (d1) tai diém c6 tung d6 12 2 va cat
truc hoanh va truc tung lan luot tai E va F sao cho dién tich tam giac OEF 12 9
Cau 3. (1,5 diém) Tai 1 noi ¢ trén mit dat xét & cung thoi diém vao budi tdi thi nhiét o
hién tai & mat dat chinh 1a 22 d6 C. Biét rang cir 1én cao 1km thi nhiét d¢ lai giam di 1a 6 do
C. Goi y la dd cao xét tai noi d6 (km), x 1a nhiét d¢ twong trng vdi do cao tai noi do (do C)
a/ Viét cong thirc biéu thi y theo x dang ham s bac nhat: y=ax + b
b/ Biét rang d6 F ciing 1a don vi ding dé do nhiét d6 do nha vat 1y Daniel Gabriel
Fahrenheit dat tén. Biét cong thirc doi tir d6 F sang d6 C 1a: m = 1,8n + 32. Trong d6, m
la do F, nla do C. Héi tai noi d6 @6 chénh Iéch nhiét do tinh theo d¢ F gitra 2 d6 cao
12500m vai 8000m la bao nhiéu 2.
¢/ Hoi rang tai noi d6 c6 do cao téi thiéu 1a bao nhiéu dé c6 nhiét do cao nhat 14 —76 d6 F
Cau 4. (1 diém) Pay 1a bang gia goc 1 sé san pham cua siéu thi big C (chua tinh thué VAT)

Tén san pham Thanh tién Thué VAT
Sira chua VinaMilk 15000 dong / 16¢ 8%
Sita bo Long Thanh khéng dudng 40000 dong / hop 15%
Mi an lién Gau Do 5000 dong / goi 5%
Banh su kem 22000 dong / hop 10%

Chi Nim 1a thanh vién tich cuc cua khu mua sam siéu thi big C. Chi c6 thé thanh vién duoc
giam gia 10% cho tat ca mat hang ma chi da mua. Vao ngay cudi tuan, siéu thi giam gia
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20% cho tat ca cac san pham cua cira hang. Vao ngay cudi tuan, chi ghé vao siéu thi mua 5
l5¢ sita chua vinamik, 2 hop sita bo Long Thanh khéng dudng va 4 gdi mi an lién Gau Doé.

a/ Hoi chi Nam phai tra bao nhiéu tién cho cac san pham trén.

b/ Biét chi Nam c6 200000 dong dé chi tra cho tat ca san pham cua cira hang. Sau khi
mua cac san pham trén chi muén mua thém vai hop banh su kem. Hoi véi sé tién trén chi mua
duoc nhiéu nhat 12 bao nhiéu hop banh su kem.

Céu 5. (0,75 diém) Mot bé nudc hinh hop chix nhat ¢6 chiéu cao 1a 1,5m. Dién tich xung
quanh va dién tich toan phan caa bé lan luot 12 9m? va 13m?2. Vao lic 5 gid sang, ngudi ta bt
dau mo 2 voi nudc loai 1 va 1l chay vao bé, biét Iic nay bé khéng chira nuée. Trong 1 phat

. 10 X
voi loai (1) chay nhiéu hon voi loai (IT) 1 luong la 3 lit. Ban dau m¢ cho voi loai (1) chay

truéc vao bé cho dén khi luong nuéc chia 40% bé thi tit voi loai (1) tiép tuc cho voi loai (11)
chay cho day bé thi dén 11 gio 30 phut sang thi bé day nuéc. Hoi néu nhu mo ca 2 voi chay
cling mat luc thi may gio bé s& day nuéc ?
Céu 6. (0,5 diém) Hinh vé md ta mot con doc ABCD trong d6 c6 AB = 5,8m; AD = 16m ;
CD = 8,6m; A=60°; D =54° Ké
bén déc gan vi tri diém A (xem hinh
v&) c6 mot cai cay rat cao va vudng goc
véi mat dat. Tai vi tr trung diém N cua
canh AB, c6 1 nguoi c6 chiéu cao tir
chan dén mat 12 1,5m (vi tri chan ¢
diém N) dang nam twa vao dbc va nhin
dinh cay vai goc nhin hop véi mat dat
1 g6c 1a 76°. Tai vi tri M trén déc BC
sao cho MB = 2MC c6 1 nguoi co ngudvi tai N: IN = 1,5m
chiéu cao tir chan dén mat 1a 1,8m (vi | A [60° 540\D
tri chan ¢ diém M) dang nim trudn
trén dé¢c BC hop véi BC ¢6 1 goc 1a 25° va nguoi d6 nhin dinh cay véi 1 goc hop voi mit dat
1 goc 1a 43°. Tim chiéu cao cua cay, biét ciy cao hon doc va vi tri ngudi tai M dang ndm (cac
tinh toan va két qua lam tron 1am lay 2 chir s thap phan)
Ciu 7. (2,5 diém) Biém C thudc duong tron (O;R) duong kinh AB sao cho AC < BC. Tiép
tuyén tai A cua (O) cit BC tai D. K& CH _|_ AB tai H, K 1a trung diém cua canh AC, OK cit
AD tai E. Biém J thuoc canh OC sao cho 2CJ = 3AH, HE cat AC tai R. Ki hi¢u S la dién tich
a/ Chang minh: A, E, C, O thudc 1 dudng tron va 2(BD? — OD?) = 3(EK.BC + BH.BO)
b/ BE cit DR tai V va cit CH tai I, Al cit (O) tai M. Chtrtng minh: MD tiép xc vdi (O)
¢/ Ké BG _|_ HM tai G. Puong thang qua G vudng gdc véi BK cat EC tai N

o o . SADNG 2tan?AJK \/§-SAAH
Chung minh: MNG = CGV. Tinh ti s6 khi / — 2
SABCG tanMNG+tanCGV SAABD

ngwei tai M: MS = 1,8m

dat gié tri lon nhat
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Pap an dé thi tham khao
Cau 1.

J13+¢m—¢7—m= J13 + 73 =7 -3V3
J5+v3-+23-507 5++v3-+23-13V3

Taluon co: V13 + 7V3 —+/7 — 3¥3 >0 (a)
Thatvay (a) < 13+ 7v/3 >7 —3v/3 < 6> —10v/3 (luén ding) vi 6>0va —10v/3 <0

1/batM =

Taludn c6: V5 +vV3 —v23 — 13v3 >0 (b)

That vay (b) & 5+ V3 > 23 — 133 ¢ 18<16V3 < /324 < V768 (ludn dung)
T (), () =>M >0

(\/13+7\/§—\/7—3«/§)2
(\/5+\/§—\/23 - 13\/5)2

13+7\/_—2\/(13+7\/§)(7—3\/§)+7—3\/§
_5+\/§—2\/(5+\/§)(23—13\/§)+23—13\/§

20 + 43 — 2491 —39V3 +49V3 — 63 _ 20 + 43 — 2¢/28 + 10V3
28 — 12v/3 — 24/115 — 65v3 + 23vV3 —39 28 — 12v/3 — 2¢/76 — 423

_ 204432 (5432 50 4 4y3 - 2[5+ 3]
28_12\/__2/(7_3\/5)2 28 — 12+/3 — 2|7 — 33|

_ 20+44V3-2(5+V3) _ 20+4V3-10-2v/3 _ 10+2V/3 _ 2(5+V3)
T 28-12v3-2(7-3V3) 28-12V3-14+6V3 14-6V3 2(7 - 3V3)
_ 5+4++3 _ (5+V3)(7+3V3) _35+15V3+7V/3+9

S 7-3V3  (7-3V3)(7+3V3) 72— (3y3)

4442243 _11(4+2v3) _ 4+ 23

Tacd: M2 =

22 22 2
\ o a+2v3 _NOBED? 34| 341
VIM>0=>M= > = NG = 7 = NG

5 /23\/_— 16 _ [(23v3-16)(2v3-1) _  [138-23V3-32V3+16
Taco: o 3+1 (2v3+1).(2v3-1) (2\/5)2_12



_ [154-55v3 _ [11.(14-5V3) _ \/z.(14 -5V3) ,zs - 10v3
B (21/3)2_12 o 11 o 2 o 2

_ /(5—\/3)2 _|5-v3] _5-+3

N 2 N2 V2

viga- ALy SoVs 6 62,5
AN vz V2 2
Vay A =32

2/v100x% — 180x + 225 — V36x2 — 108x + 81 = 2x + 12

@ /25.(4x% — 12x + 9) — /9. (4x% — 12x + 9) = 2x + 12
@ 5.(2x—-3)2—- 3.{/(2x —3)?2 =2x+ 12
@2.J(2x—-3)2=2x+12 |2x-3|=x+6
{ 2x—3<0 {2x—3<0 { 2x—3<0
3—2x=x+6 o |l 3x=-3  [lx=—1(nhan)
{ 2x—=3=20 {2x—320 {2x—320
2x—3=x+6 x=9 x = 9(nhan)
Vay phuong trinh da cho ¢6 2 nghiém la: x =-1; x =9

3/ Taco: x —Vx =Vx(Vx —1),x —2v/x — 1 = (Vx — 1)?
xVx — 2x +Vx = Vx(x — 2vx + 1) = V. (Vx — 1)?

Vav B = 2vx -3 _\/§—4+ 1
&y Tx—=2Vx+1  x—-+vx xVx-2x++x
24/x -3 Vx—4 1

TWE-12 REE-D | VE(E-1?
Vx(2Vx-3)-(Vx-4)(Vx-1)+1 2x-3Vx—-(x—4Vx-Vx+4)+1

Va.(Vx - 1)? Va.(Vx — 1)
2x=3VX—-x+4/x+Vx—4+1 x+2Vx-3
i VR (VX - 1)? VxR (x -1

Ma:x+2Vx—3=x+3Vx—Vx—3=vx(x+3) - (Vx+3) = (Vx — D(/x +3)
(Wx-1)Hx+3)  VJx +3

Do do B = =

Ve.(Wx —1)2 Vx.(Vx - 1)
Tach: C 5xvVx + 320 5x+12Vx+7  9x—17
aco:C= - -

xVx — 4x + 16/x x—1 x —Vx

_5(Vx+4)(x-4vx+16)  (Vx+1)BVx+7) 9Vx—17
~ Vx(x - 4vx + 16) (Vx-1)Wx+1) Vx@(x-1)




_5(Vx+4) 5Vx+7  9x-17
- Vx V-1 VJx(Wx-1)
_5(Vx+4)(Vx = 1) = Vx(5Vx + 7)— (9Vx — 17)

Vx(vVx = 1)
_5(x—Vx+4Vx—4)—5x - 7Vx - Wx + 17
- VX(Vx - 1)
_5(x+3Vx—4) —5x - 7Vx —9x + 17
- VX(Vx - 1)
_5x+15Vx—20-5x—-7Vx—-9Vx+17  —J/x-3
- Vx(Wx - 1) C Vx(x - 1)
DodéB+C=\/§\f/;_31)+\/;(\</_9;__31):0:>B+Clah§ngsé
Cau 2.

a/ Viét lai phuong trinh duong thang (di): y = 2m —3).x + m+2=2mx —3x + m + 2
=m(2x+1)-3x+2 @ y+3x-2=m.(2x + 1). (*)
Goi A 1a diém ma moi duong thang (di) ludn di qua. Khi 6 dé nghiém phuong trinh (*)

= = -1 7
2x+1=0 <:>{2x+1 0(2:> _

luondungvolmolm¢>{y+3x_2=0 y=2-3x ) 2

Viy duong thang (di) ludn di qua diém cb dinh A
(—1 7) o
—, =) véi mol m
2 2
b/ Khi m = 2 thi (d1) tro thanh: y =x + 4
Bang gia tri cua duong thangy = x + 4

X 0 -1
Y 4 3

Goi phuong trinh dudng thang (d2) ¢6 dang:

y=ax+hb

Cho (d1) cat (d) tai C

* Cthuoc (i) =>Xc=yc—-4=2-4=-2
Vay toa do diém C 1a (-2;2)
*Cthuoc (d) =>2=-2a+b<b=2a+2
Vay (d2) co dang: y=ax + 2a+ 2

(d2) cit Ox tai E=>ye =0vaa#0




-2a -2 —-2a -2 2.(—a-1)
:>O:a-XE+Za+2:>XE:—:>OE:|XE|: _ | = |——
a

(d2) cat Oy tai F=>xr=0vaa#0
=>yr=2a+2=>0F = |yf| = 2a+ 2| = 2.Ja+ 1]

] OE.OF (——)

Taco:SAOEF:9<:>T—9<i>|2(a+1)| =18
—a-1] 9 L

< la+ 1|.| | :E (*). bieu kién: a#0

. . . —a—1
+Néua<-lthia+1<0;-a-1>0vaa<-1<0=> . <0
, —-a-—1
+Néu—1<a<Othia+1>0 ;—a—-1<0Ovaa<-1<0=> . >0
, —-a-—1
+Néua>0thia+1>0;—-a-1<0vaa>0=> . <0
Témgon laikhia<-1vaa>O0thia+1va Sadm trai dau.

' —(a+1).(~a-1) 9 (a+1)?* 9
Khi d6 phuong trinh (*) < = - —= -
a 2 a 2

& 2.@+1)2=9% 2 (@+2a+1)=9% @ 2a%+4a+2-9=02a%-5a+2=0
&2?-4a-a+2=0®2a@-2)-(a-2)=0¢(2a-1)(a-2)=0

<2a-1=0hoaca-2=0

1
&a= > (nhan) hoac a = 2 (nhan) théa méan (a < -1 hoac a > 0)

-a-—1

Khi-1<a<Othia+1va cuing dau.

_ (a+1).(~a-1) 9 (a+1)? -9
Khi d6 phuong trinh (*) < . = p & " = >

©2@+1)P’="9ae2@+2a+1)=-9a2a%+4a+2+9%9 =0 2a°+13a+2=0

13a 169 _ 153 (a 13)2 _ (9\/1_7)2

13a
Sat+—+1=0a’+ + = -+
2 2 16 16 1 4 4
9V17-13 = —-9Y17-13 | A N
&a= — (loai) vaa= 2 (loai). Khong thoa man (-1 <a<0)

Voia=2=>b=2a+2=2.2+2=6=>phuong trinh (d2) la: y=2x + 6



1 1 X
V('ria=5=>b=2a+2=2.E+2=3=>phu0'ngtrinh(dz) |é1:y=5+3

Céu 3.

a/ Goi A, B la toa d6 2 diém biéu thi quan hé giira do cao va nhiét d6 tai noi dé
Tai mat dat => ya = 0 va xa = 22 => A (22;0)
Taivitriyg=1=>xg=22-6=16 =>B (16;1)

A thuoc ham sé: y =ax + b=>0=22a + b (1)

B thuoc ham sé:y =ax+b=>1=16a+b (2)

. -1
Lﬁy(2)—(1):>—6a:1<:>a:?

. 11
Théavao (1) =>b=-22a= 3

R —X 11
Vay phuong trinh quan hé la: y = - + Y

b/ D6i 12500m = 12,5 km ; 8000m = 8km

. . \ —x 11
Nhiét do tai vi tri c6 do cao 12,5 km la: 12,5 = ? + ? & x=-53d6C.

. ) . —-X 11
Nhiét do tai vi tri c6 do cao 8km la: 8 = e + 3 & x=-26doC.

Do chénh léch vé nhiét do gitra 2 d6 cao la: —26 — (-53) =27 d6 C
Cong thuc lién hé chénh 1éch nhiét do gitra do F va do C la:
AF = |F1— F2| = 1,801 + 32 — (1,82 + 32)| = |1,8.(n1 — n2)| = |1,8.AC]|
Do chénh léch vé nhiét do gitra 2 d6 cao tinh theo do F 1a: |1,8.27| = 48,6 do F
¢/ Nhiét do toi thiéu & noi d6 tinh theo do C la:
M<—7618n+32<-76 & n<-60d0C
Do cao tdi thiéu cta noi d6 dé c6 nhiét do cao nhat 1a —76 do6 F 1a:
60 11 43
y2?+? = — km~143km
Cau 4.
a/ Vao ngay cudi tuan gia ban cua san pham chi con : 100% - 20% = 80% = 0,8 so V&i gia
ban dau. Do chi Nam c6 thé thanh vién cho nén gi& ban chi con 100% - 10% = 90% = 0,9 so
VGi gia ban dau. Vay vao ngay cudi tuan chi Nam dugc ban véi gia giam
0,9.0,8 = 0,72 s0 Véi gia ban dau.



S6 tién tinh cua cua hang = gia tién gbc + (% VAT) .gia tién gbc

Gia tién cua 5 16c sita vinamilk 1a: (1 + 0,08). 15000. 0,72. 5 = 58320 ddng

Gia tién cua 2 hop sita bo Long Thanh 1a: (1 + 0,15). 40000. 0,72. 2 = 66240 dng
Gid tién cua 4 goi mi an lién Gau Do 1a: (1 + 0,05). 5000. 0,72. 4 = 15120 ddng
Gia tién chi Nam can phai tra 1a: 58320 + 66240 + 15120 = 139680 dong

b/ Goi x 1a s6 hop banh su kem chi Nam c6 thé mua vaéi s6 tién da co

Gia tién cua 1 hop banh su kem duoc giam gia 1a: (1 + 0,1). 22000. 0,72 = 17424 dong
Theo yéu cau bai toan ta c6 diéu kién: 139680 + 17424.x < 200000

&> 17424.x < 60320 < x < 3,46

Vay s6 lugng banh su kem tdi da chi Nam c6 thé mua la 3 hop

Cau 5.

Goi a va b lan luot la chiéu dai va chiéu rong caa bé nudc (a > b), h 1a chiéu cao cua bé
Ta c6: S(toan phan) = S(xung quanh) + 2S day

=>13=9+2ab e ab=2 (1)

Ma S(xung quanh) = h.P(day) P la chu vi)

=>9=152@a+b)=>a+b=3(2)

T (1), 2Q)=>(@-b2=(a+b)2-4ab=32-42=1

=>a-b=1(doa>hb) (3

T (2),(3)=>a=2m;b=1m

Thé tich cua bé nudc la: abh = 2.1,5.1 = 3m?3

40% thé tich cua bé nude voi loai (1) chay duoc 1a: 3.0,4 = 1,2m3

Thé tich nude con lai cua bé dé voi loai (11) chay duoc 1a: 3—1,2 = 1,8m3
.10
Doi Y it/ phat = 200 lit/h = 200 dm3/h = 0,2m3h

bit x (m¥h) 1a luu lwgng chay trong 1 gio cta voi loai (11). (x > 0)

bit x + 0,2 (m3/h) 1a luu lwgng chay trong 1 gid cua voi loai (1)
1,2

x+0,2

Thoi gian dé voi loai (1) chay vao bé la:

e T
Thoi gian dé voi loai (1) chay vao bé la: ~

Thoi gian ca 2 voi chay day bé la: 11h30phut — 5h = 6h30pht = 6,5h

5y as 1,2 1,8
Theo d¢ bai ta c6 phuong trinh la: + = 6,5 (%)
x+ 0,2 X




PbK:x#0vax#-0,2

(*) & 1,2x + 1,8.(x + 0,2) = 6,5x.(X + 0,2) <> 1,2x + 1,8x + 0,36 = 6,5x2 + 1,3X
< 6,5%% - 1,7x — 0,36 = 0 ¢ 650x? — 170X — 36 = 0 <> 650x° — 260x + 90X — 36 =0
& 130X.(5X — 2) + 18.(5X — 2) = 0 <> (130X + 18)(5x — 2) = 0

<~ 130x+18=0 (loaivix>0)vab5x-2=0

< x =0,4 >0 (nhan). Vay luu luong chay cua voi loai (11) 1a 0,4m3/h

Luu luong chay cua voi loai (1) 1a: 0,4 + 0,2 = 0,6m?/h

Trong 1 gio ca 2 voi cung chay duoc: 0,6 + 0,4 = 1m?®

Thoi gian dé ca 2 voi cuing chay mot luc day bé 1a: 3:1=3h

Thoi diém 2 voi cing chay day bé 1a: 5 + 3 = 8h

Vay ca 2 voi ciing chay mot lc thi dén 8 gio sang bé s& day nudc

Céau 6.

gécSMB = 25°

cay

*-0—@
[0} A GE V K F D

Goi O la gdc cay, L 1a dinh cay, H va K lan luot 12 hinh chiéu caa mat 2 nguoi tai | va S Ién
cdy. Trong d6 NI = 1,5m; MS = 1,8m. K¢ IG, BE, SV, MK, CF vudng goc vai AB tai G, E,
V,K,F. K¢ MP | SV tai P, BT |_CFtai T, BT cat SV, MK lan luot tai Q va I. Pat OL =
X, ta can tim do dai x. D& thay c4c quan hé vudng gdc s& xuat hién cac hinh chit nhat va céc
canh c6 do dai bang nhau la:

OH=1G; OK=VS, HI =0G, KS=0V, MK =PV, EF =BT, MP =QI, BQ = EV,
BE=QV =TF= 1K, MP // BT, MI // CT. Ta sé& thuc hién cac tinh toan

AN:BN:A—B = 5'—8:2,9m
2 2

Al=AN+IN=29+15=44m



AE = AB.cos(60° = 5,8 . 0,5 = 2,9m
AG = Al.cos(60°) = 4,4 . 0,5 =2,2m
DF = DC.cos(54°) = 8,6. cos(54%) =5,05m
BT=EF=AD-AE-DF=16-2,9-5,05=8,05m
BE = QV = TF = IK = AB.sin(60°) = 5,8 . sin(60°) = 5,02m
CF = CD.sin(54°) = 8,6 . sin(54°) = 6,96m
CT=CF-TF=6,96-5,02 =1,96m

CT 1,94

tanCBT =— = —— => BMP = CBT = 13,55° (2 géc & vi tri sole trong)
BT 8,05

SMB > BMP =>SMP = SMB — BMP = 25 — 13,55 = 11,45°
QI = MP = MS.cosSMP = 1,8 . cos(11,45%) = 1,76m

BI BM 2 ) 3
Do MB =2MC => — = —— = —(dinh li talet trong tam giac BCT)
BT BC 3
2BT 2. 8,05
=> Bl = = =5,36m
3 3

EV=BQ=BI-QI=5,36-1,76 =3,6m
GV=GE+EV=AE-AG+EV=29-22+36=4,3m
OH = 1G = Al.sin(60°) = 4,4 . sin(60° = 3,81m

MI BM 2 y
— = —— = —(h¢ qua talet trong tam giac BCT)
CT BC 3
2CT 2.194
=> MI = = =1,29m
3 3

SP = SM.sinSMP = 1,8 . sin(11,45%) = 0,36m
OK=SV=SP+PV=SP+MK=SP+MI+1K=0,36+1,29 +5,02=6,67m
HK=0K-0OH=SV-1G =6,67 — 3,81 =2,86m

HL=OL-OH=x-3,81

OG = HI = HLcot(76°) = 0,25.(x — 3,81)
KL=HL-HK=x-3,81-2,86=x-6,67

OV = KS = KL.cot(43% = 1,07.(x — 6,67)

Taco: GV =0V-0G=>43=1,07.(x-6,67)-0,25.(x — 3,81)

< 4,3=1,07x-7,1369 — 0,25x + 0,9525

< 0,82x =10,4844 & x =12,79m

Vay chiéu cao cua cay la: 12,79m



Cau 7.

al A, E, C, O thuge 1 dudng tron va 2(BD? — OD?) = 3(EK.BC + BH.BO)
Xét tam giac ABC c6 O va K lan luot 14 trung diém cua céc canh AB va AC
=> OK la duong trung binh tam gidc ABC => OK // BC hay OE // BD

Xét tam giac ABD cé OA = OB va OE // BD (cmt)

=> E la trung diém canh AD => EA = ED

Ta co: ACB = 90° (tam giac ABC noi tiép duong tron (O) duong kinh AB)
=> Tam giac ACD vudng tai C. Lai c6 EC 1a duong trung tuyén (EA = ED)
=>EA=EC=ED.

Xeét tam giac EAO va tam giac ECO ta co:

OA =0C =R, EA = EC (cmt), OE la canh chung

=> AEAO = AECO (c—c—¢) =>ECO = EAO0 = 90°

=>4 diém A, E, C, O cuing thudc duong tron duong kinh OE (dpem)

Ta c0: cac tam giac AOD va ABD vudng tai A (AD la tiép tuyén caa (O) nén
OD? = AD? + OA? va BD? = AD? + AB? (dinh Ii pitago)



=> 2.(BD? — OD?) = 2.(AD? + AB2— AD? — OA?) = 2.(4R2—R?) = 6R? (1)

Ta c6: EA = ED (cmt) va KA = KC (gt) nén KE 1a duong trung binh tam giac ACD

=>CD =2EK

Ta c6: AC? = CD.BC (hé thie lugng trong Avudng ABD c6 AC 1a duong cao (ACB = 90°)
Lai c6: BC? = BH.AB (hé thuc lugng trong Avudng ABC c¢6 CH 1a duong cao)

Ma AB = 20B va AB? + BC? = AB? (Dinh Ii pitago trong tam giac vudng ABC)

3.(CD.BC + BH.AB) __ 3.(AC?*+BC(?)
2 - 2

Két hop ta c6: 3.(EK.BC + BH.BO) =

34AB%?  3.4R?
=——=""—=6R (2
Tir (1), (2) => 2(BD? — OD?) = 3(EK.BC + BH.BO) (dpem)
b/ MD la tiép xuc véi (O)
Taco: AD | ABvaCH | AB=>AD// CH
Ta cd: AD // CH, &p dung lién tiép hé qua talet trong cac tam giac ABE va ADE:
IH DI IC
AE  DE  DE
Ma EA = ED (cmt) => IH = IC => CH = 2IH
Xét tam giac HAC va tam giac ADB:
CAH = ADB (cung phy véi ABD ), AHC = ADB = 90°

AHAC ~ AADB He A5 *
=> ~ — = —_— = —
@-9=>-C =" (¢
R R IH OA
Ma AB =20AvaCH =2IH (cmt). Tu (*) =>—— = —
AH AD

Xét tam giac AOD va tam giac HIA:
IH OA

=> AAOD ~ AHIA (c—g—-c) => A0D = AIH

Taco: ATH + TAH = 90° (Tam giac IHA vuong tai H)

Suy ra AOD + TAH = 90° => AWO0 = 90° (tong c4c goc tam giac AWO) => 0D | AM
Ta c6: OA = OM =R => Tam gidc AOM cén. Lai c¢6 OD la duong cao (OD _|_ AM)

=> OD la tia phan giac AOM => AOD = MOD

Xét tam giac AOD va tam giac MOD:

OA = OM, A0D = MOD(cmt), OD la canh chung



=> AAOD = AMOD (c — g —¢) => OMD = 04D = 90° => MD _|_ MO
Lai c6 M thudc (O) nén MD 14 tiép xuc véi (O) (dpem)

- SADNG 2tan?AJK V3.8
¢/ MNG = CGV, tinh Khi J — 1=—AAHC
SABCG tanMNG+tanCGV SAABD

dat gia tri max

Goi F 1a trung diém cua canh BC, OF cit AM tai L

Taco: FB = FC => OF _| BC (quan hé duong kinh va day cung)
Xeét tam giac OFD va tam giac OWL.:

DOL la goc chung, OFD = OWL = 90°

OF ow
=> AOFD ~ AOWL (g — g) =>—— = —— => OF.OL = OW.OD
oD OL
Ta cd: OA? = OW.OD (hé thirc luong trong tam giac vuong AOD c6 dudong cao AW)
. OF OB
Ma OB =0OA=R. Tird6 suyra OB>=0F.OL=>— = —
OB oL
Xeét tam giac FOB va tam giac BOL.:
BOL lagéc ch or o8 t
agoc chung, =>— = — (cm
g 9. =>7-% = 5 €M)
=> AFOB ~ ABOL (c—g—c)=>O0BL = OFB =90°=>BL |_AB
Ta c6: OC = OB =R => Tam gidc BOM can. Lai c¢6 OL la duong cao (OF _|_ BC)
=> OL la tia phan giac BOC => BOL = COL
Xét tam giac BOL va tam giac COL.:
OA = OM, BOL = COL (cmt), OL la canh chung
=> ABOL = ACOL (c—g—¢) => OCL = OBL = 90°
Ma theo nhu trén da c6: ECO = 90° => ECL = ECO + OCL = 90° + 90° = 180°
=> 3 diém E, C, L thang hang => N thudc canh CL
Ta co: AMB = 90° (Tam giac AMB ndi tiép duong tron O duong kinh AB) =>BM _|_ AL
Ta c6: BL? = LM.LA (hé thirc lugng tam gidc ABL vudng c6 duong cao BL do BM | AL)
ML CL
MaBL =CL (ABOL =ACOL)=>CL?=LM.LA=>— = —
CL LM
Xét tam giac LCM va tam giac LAC:
o ML  CL
CLA la goc chung, =>—— = — (cmt)
CL LM

=> ALCM ~ ALAC (c — g — ¢) => LMC = ACL



KéHP | AL taiP,HQ | BMtaiQ
Xét tam giac APH va tam giac ABL.:
BAL la goc chung, APH = ABL = 90°

AP AB
=> AAPH ~ AABL (g—g) => — = — => AP.AL = AH.AB
AH AL
Ma AH.AB = AC? (hé thuc lugng tam gidc ABC vudng c6 duong cao CH)
AP AC
Tudosuyra AC2=APAL=>— = —
AC AL
Xeét tam giac APC va tam giac ACL.:
. AP AC
CAL la goc chung, =>— = — (cmt)
AC AL

=> AAPC ~ AACL (c—g—c) => APC = ACL

Ma LMC = ACL (cmt) => APC = LMC => CPM = CMA (ké bu véi 2 goc bang nhau)
CPM = CMA => Tam giac CPM céan tai C => CM = CP

Ta co: LB = LC (cmt) => Tam giac LBC can tai L => LCB = LBC
Ma LBC = CAB (cuing phu véi goc ABM) => LCB = CAB

Tacé: LCB = LCM + BCM va CAB = LAC + MAB

Ma LCB = CAB (cmt) va LCM = LAC (do ALCM ~ ALAC)

Tu d6 suy ra BCM = MAB

Ma MAB = THP (cung phu véi goc AHP). Suy ra BCM = THP
Tacd: CMB = CMA + AMB = CMA + 90°

CPH = CPM + HPM = CPM + 90°

Ma CMA = CPM (cmt) => CMB = CPH

Xét tam giac HPC va tam giac CMB:

BCM = THP (cmt), CMB = CPH (cmt)

HP  MC
=> AHPC ~ ACMB (g — g) => — = — => HP.MB = CM.CP
PC ~ MB

Ma CM = CP (cmt) => HP.MB = MC?

Xét tir giac HPMQ ta c6: HPM = HQM = AMB = 90°

=> Tt giac HPMQ la hinh chit nhat => HP = MQ. Ttr d6 suy ra MC? = MQ.MB
Xét tam giac MQH va tam giac MGB:

BMH la géc chung, MQH = MGB = 90°



AMQH ~ AMGB MQ me MQ.MB = MG.MH
=> ~ —Q)=>— = — => ) = )
Q @-9=>-—— =-——=>MQ

MG MC
T d6 suy ra MC? = MG.MH =>— = —

MC MH
Xét tam giac MCG va tam giac MHC:
I MG  MC
HMC la goc chung, =>—— = —— (cmt)

MC MH

=> AMCG ~ AMHC (c —g—-c) => CHM = MCG
Cho GN cit AM tai Y va cat AC tai Z
Taco: GN | AKvaAZ | BC=>4ZG = CBK (cung phu véi goc ZKB)
Xét tam giac CAB va tam giac HCB:
ABC la goc chung, ACB = CHB = 90°
=>ACAB ~AHCB (g—g) => ¢ = ae (**)
CB HB

X X KC  HI
Do KA =KCnén AC =2KC, HC =2HI nén tir (**) =>—— = ——
BC HB
Xeét tam giac CKB va tam giac HIB:
KC HI

) = —(cmt
BC HB (cmt)

KCB =THB =90°
=> ACKB ~ AHIB (c — g —c) => CBK = ABT
Xét tam giac AHI va tam gidc AMB:

MAB la géc chung, AHI = AMB = 90°

Al AH
=> AAHI ~ AAMB (g - g) => — = —
AB ~ AM

Xét tam giac AIB va tam giac AHM:

o Al  AH
MAB la goéc chung, B = —(cmt)

=> AAIB ~ AAHM (c — g —c) => ABI = AMH

Tir cac chiang minh trén ta c6: AZG = CBK = ABI = AMH hay AZG = AMG
Taco: AZG + AYZ + ZAM = 180° (tong cac goc tam giac AYZ)

AMG + MYG + ZGM = 180° (tdng c4c goc tam giac GYM)

Ma AZG = AMG (cmt) va AYZ = MYG ( 2 goc d6i dinh)

Tur d6 suy ra ZAM = ZGM. Ma ZAM = LCM (cmt)



=>LCM = ZGM hay LCM = NGM
Cho HM cit CL tai D’
Tac6: CMG = CD'G + LCM (g6c ngoai cua tam gidc D’CM)
CNG = CD'G + NGM (gdc ngodi cia tam giac D’'NG)
Ma LCM = NGM (cmt) => CMG = CNG
Xét tam gidc D’CM va tam giac D’GM:
CD'G la géc chung, CMG = CNG (cmt)
DM DIC

=> AD’CM ~ AD’GN (g — g) => =
(g 9) DIN DG

Xét tam gidc D’MN va tam giac D’CG:
DM DiC

CD'G la goc chung, = cmt
g g DIN DIG( )

=>AD’MN ~ AD’CG (c—g—¢)

=>D'NM = D'GC => CNM = CGH (k& bt véi 2 goc bang nhau)

Tacd: CNM = CNG + MNG ; CGH = CMG + MCG (gbc ngoai cia tam giac MCG)
Ma CNM = CGH (cmt) va CMG = CNG (cmt) => MNG = MCG

Cho CH cit (O) tai O’; BE cit (O) tai A’. Ta s& chitng minh: V triing véi A’

Taco: AB | CO’=>HC =HO’ (quan h¢ duong kinh va day cung) => CO’ = 2CH.
Lai c6: AD = 2AE va AD // CO’. Ap dung dinh li ta let ta co:

Ccor 2CH CH CR

= = = — . Laicé: DAC = ACO’ (2 g6c 6 vi tri sole trong do AD // CO’)
AD 2AE AE AR

Xét tam gidc RAD va tam gidc RCO’:
AD

— — cor
DAC = ACO' (cmt), — = — (cmt)
CR AR

=> ARAD ~ ARCO (c— g —c) => ARD = CRO'
=> DRO = ARD + ARO' = CRO' + ARO' = ARC = 180°
=> 3 diém D, R, O’ thang hang

_ _ ____ 180°-4/0B
OB = OA’ =R => Tam gidc OBA’ can tai O => 0A'B = T

180°—A7007
2

00’ = 0A’ =R => Tam giac OO’A’ can tai O => 04’0’ =

OA =00’ =R => Tam gidc OAO’ can tai O => 0A0' = 00'A



Ma BOO' = 0A0' = 00'A = 2040’ = 2HAO' (gbc ngoai tam gidc AOO”)

180°-A4A70B . 180°-4’001
2 2

Tu d6 suy ra: BA'O' = OA'B + 0A'0' =

_360°-A'0B-A'00/ _ BOO!/
= > =

= HAO' =>BA'0" = HA'O'

Tac6é: AB | CO’ va HC =HO’ => AB la duong trung truc canh CO’ => HAO' = CAB
Ma CAB = ADB (cung phu véi DAC)
Taco: AA'B = 90° (Tam gidc AA’B noi tiép duong tron O dudng kinh AB) => AA’ | BE
AE? = EA’.BE (hé thic luong trong tam giac vudong ABE c6 dudong cao AA’)
Ma AE = DE => DE? = EA’.BE => EAr = bE

DE BE
Xét tam giac EA’D va tam giac EDB:

EA/ DE

DEB la goc chung, — = — (cmt
g 9 TF BE( )

=> AEA’D ~ AEDB (c—g —c) => ADB = EA'D
Tur cac chitng minh trén ta c6: BA'0' = HAO' = CAB = ADB = EA'D
Tac6: DA'O' = BA'O' + DA'B = EA'D + DA'B = EA'B = 180°
=>3 diém D, A’, O’ thang hang
Theo nhu trén da c6 3 diém D, R, O’ thang hang
=>4 diém D, A’, R, O’ thang hang => DR cit BE tai A’
Ma DR cét BE tai V => A’ triing v6i V. Ma A’ thudc (O) => V thudc (O)
A’ trung v6i V => AVB = AA'B = 90°
Xét tam giac BHI va tam giac BVA:
ABV la goc chung, THB = AVB = 90°
—> ABHI ~ ABVA (g — g) => o = —=

BV AB
Xét tam giac AlIB va tam giac VHB:
ABV la géc chung, SH_ 5L (cmt)

BV

=> AAIB ~ AVHB (c—g -¢)
Theo nhu trén da c6: AAIB ~ AAHM => AVHB ~ AAHM



AH HV _

=>—— = —vVvaAHM = BHV
MH HB
AH HV

Tt— = —=>HV.HM =HA.HB
MH HB

Ma HA.HB = HC? (hé thtrc lwgng tam giac vudng ABC c6 duong cao CH)

HV  HC
=>HC?’=HV.HM =>— = —
HC HM

ba c6: AHM = BHV => AHC + CHM = CHB + CHV
=>CHM = CHV (do AHB = AHC = 90°)
Xét tam giac CHM va tam giac VHC:

[ HV HC
CHM = CHV (cmt), — = —— (cmt)
HC HM

=> ACHM ~ AVHC (c —g—c) => CVH = MCH

Cho HV cét CG tai K’. Ma MCH = CGM (do AMCG ~ AMHC)
=> CVH = CGM => CVK' = CGH (k& bl véi 2 goc bang nhau)
Xét tam gidc K’CV va tam giac K’HG:

HK'G la géc chung, CVK' = CGH (cmt)

Krv KrC

KG - K'H

=> AK’CV ~ AK’HG (g — g) =>

Xét tam giac K’CH va tam giac K’VG:
. KV  KiC
HK'G lagéc chung, — =

K'G K'H
=> AK’CH ~ AK’VG (¢ —g—c¢) => CHV = CGV.Tur c&c chitng minh trén cho
:MNG = MCG = CHM = CHV = CGV => MNG = CGV  (dpcm)

Cho MF cit OB tai T.

(cmt)

Ta co: BL2 = LF.LO (hé thirc lugng trong tam giac vudong BOL c6 dudng cao BF)
LM LO
MaBL?2=LM.LA (cmt) =>LF.LO=LM.LA=>— = —
LF LA
Xét tam giac LMF va tam giac LOA:
LO

ALO la géc ch o t
a goc chung, — = — (cm
g 9 77 = 7 €mb

=> ALMF ~ ALOA (c—g—c¢) => LFM = LAO
Ma LFM = OFT (2 goc dbi dinh) => LAO = OFT



Xeét tam giac TFO va tam giac TAM:
ATM la gbc chung, LAO = OFT (cmt)

TF TA
=> ATFO ~ ATAM (g — g) =>— = — =>TO.TA= TF.TM
TO ™M

Taco: LAO = OFT (cmt) => MBA = BFT (cung phu véi 2 goc bang nhau)
Xét tam giac TBF va tam giac TMB:
MTB la goc chung, MBA = BFT(cmt)

TB TM
=> ATBF ~ ATMB (g — g) =>— = — =>TF.TM = TB?

TF TB
Tir d6 suy ra: TB2 = TO.TA < TB2 = (OB — TB).(AB — BT) = (R — TB).(2R — BT)

2R AB
< BT?=2R?>-R.BT-2R.BT + TB? & 2R?=3R.BT <& BT = ? = ?

=> AB = 3BT => AT = 2BT
Di c6: ACL = CML (cmt) => AMC = ACE (cung ké bu véi 2 géc bang nhau)
Ma AE = EC (cmt) => Tam giac AEC can tai E => ACE = EAC
Ma EAC = ABC (cung phu véi goc CAB)
Lai c6: ABC = BMF (do ATFB ~ ATBM)
Tur d6 suy ra AMC = BMF => CMF = AMB = 90° (cing cong thém cho goc HMF)
Xét tir giac CHMT c¢6 CMT = CHT = 90°
Néu MTH = 90° thi tir gioc CHTM Ia hinh chit nhat => CHM = CTM
Néu MTH # 90°, cho CH cat MT tai S => CMS = 90°
Xét tam giac SMC va tam giac SHT:
HST la géc chung, CMS = SHT = 90°
=>ASMC ~ ASHT (g —g) => M = ¢

SH ST
Xét tam giac SMH va tam giac SCT:
HST la goc chung, M (cmt)

SH ST

=>ASMH ~ ASCT (c—g—¢)=>CHM = CTM
Tom lai trong moi trudng hop ta ludn c6 CHM = CTM hay CHM = CTF
Goi X 1a trung diém cua canh AT => AT = 2XT.

Ma AT = 2BT (cmt) => XT = BT



Xeét tam giac CXB c6 XT =BT vaFC =FB
=> FT la duong trung binh tam giac CXB => XC // TF => CTF = XCT (2 géc solo trong)
Taco: ATH = CHM + AMH (g6c ngoai cua tam giac HIM)
Lai c6: AMB = MBI + ABT
Ma AIH = AMB (AAIH ~ AABM) va AMH = ABI (cmt) => CHM = MBI
Goi U 1a diém d6i xtng K qua A => KC = KA = AU => AK:AZ—CvéCU :%
Theo dé bai: 2CJ = 3AH va AB = 20C = 2R va AC? = AH.AB (hé thic lugng trong tam
giac vuong ABC c6 duong cao CH)
3AH AB _ 3AC?> _ AC 3AC C] _CK

=>ClCO=—T".——= = —.—/— =CKCU=>—=—
2 2 4 2 2 CU co

Xeét tam giac CKO va tam giac CJU:

I C] CK
UCO lagoc chung, — = — (cmt)
cU co

=> ACKO ~ ACJU (c—g—¢)=>CKO = CJU =90°

Ta co: OC = OA = R => Tam giac OAC can tai O => CAB = ACO
Xét tam giac CAB va tam giac JCU:

CAB = ACO (cmt) ; ACB = CJU = 90°

ACAB ~ AJCU ac <
=> ~ — = —_— = —
@-9=>"172= 7,

L , . AC Cj

Theo dé bai ta c6:KC = AK = UA => CU = 3CK va AB = 3AX. Tur d6 suy ra Ax = P

Xét tam giac ACX va tam giac CJK:

_ AC CJ
CAB = ACO (cmt) ; — = —— (cmt)
AX CK
XA KC . __
=>AACX ~ACJK (c—-g-C)=>—= = — va AXC = CK]
XC KJ

Tu AXC = CKJ => CXB = AKJ (ké bu véi 2 goc bang nhau).
XT AK

Laico: XA=XTvaKC=AK=>—— =
XC KJ

Xet tam giac XTC va tam giac KAJ:

CXB = AK tXT AK t
= cmt); — = —(cm
T (em); o = g em)



=> AXTC ~ AKAJ (c—g—c) => XCT = AJK
Tur cac chang minh trén c6: MNG = CHM = CHV = CGV = MBI = CTM = XCT = AJK
=> TanMNG = tanCGV = tanAJK = tanMBI

I
o
~
<

Il
<
o
ﬂ

Il
=
=

2tan*AJK ~ _ 2tan®MBI
tanMNG+tanCGV ~ tanMBI+tanMBI

Do do: = tanMBI

MI
Ta s€ di tinh tanMBI. Tam giac MBI vuong tai M cho: tan MBI = B

_ . AC BC
bat AC=m; BC=n; CAB =athicosa=—;sina=——
AB AB

Theo nhu trén ta c6: AB =+vVAC2 + AB? = Vm? + n?

Ap dung céc hé thic lugng trong tam giac vuong CAB c6 duong cao CH:

AC.BC = CH.AB => CH AC.BC mn
. = . => = =
AB vm2+n?2
AC2=AH.AB => AH A _m?
I T AB  VmZ+n?
BC2=BH.AB =>BH = BC® _ 1
ST T AB  VYmZ+n?

Lai co: IH il m T iac AHI vuong tai H ch
ai co: IH = = . Tam giac vuoéng tai H cho:
' 2 2N/m2+n? g gt

4 m?.n? m2.(4m?+n?)
Al?2 = AH? + HI? = =
m2+n? = 4.(m?+n?) 4.(m?+n?)
Al mVAmE Theo nh d Al A AlLAM = AH.AB
=> Al = . Theo nhu trén da c6: — = ——=> Al. = :
2Vm2+n? AB AM

Ma AH.AB = AC? => AC? = ALAM => AM AC” m”.2Vm?tn? 2mym”+n-
a . = => = . => = r— f—
Al m.4m?+n? Vam?2+n?

2mvm?2+n?2 myN4am2+n?

Ml =AM - Al = —
V4am2+4n2 20/m2+n?
m.[4.(m%+n?)—(4m2+n?)] _ 3mn?
 2dmZ+n2/am2+n2 20/m2+n2/4m2+n?

HI Al
P c6: AAHI ~ AAMB (cmt) => —— = —
MB ~ AB

MEB AB.HI Vm?2+n? mn 20/m24n2 nvm?2+n?2
=> = =

Al 1 "2VmZ2+nZ ‘mAam2Z+n2  Vam2+n?




. MI 3mn? V4m2+n2 3mn
=> an = — . )
MB  2Nm?2+n?2N4m2+n? niVm2+n?  2.(m?+n?)

_ 3AC.BC _ 3 AC BC _ 3sina.cosa

2AB2 2 AB'AB 2
Ta c6: AC = AB.cosCAB = AB.cosa (ti s6 luong giac tam giac vuéng ABC)
Lai c6 ADB = CAB = a (cung phu véi CAD)
=> AB = BD.sinADB = BD.sina (ti s6 lwong gi4c tam gi4c vudng ABD)

AC
Tur @6 suy ra AC = BD.sina.cosa => BD = sina.cosa

SAHAC _ AC?
SpapB  BD?

Theo nhu trén di c6: AHAC ~ AADB => = sina.cos?a

A

v 2tan?AJK V3.Sagac 3sina.cosa
ay =

"tanMNG+tanCGV  Saapp 2

—+/3. sin%a.cos?a

2

sina.cos?a +/3.sina.cosa
= /3.

1 2

sina.cos?a +/3.sina.cosa 3 3
= /3.

1 2 16 16

, 2
:_\E.(sma.cosa . ﬁ) n % < %
16 16

. . 3 :
. Dau = xay ra khi sina.cosa = —. Khi do
1 4 4

2tan?AJK V3.SaHAC o . .33
— dat gia tri lon nhat sé la ——
tanMNG+tanCGV SAADB 16

biéu thuc:
Ap dung cong thuc: sin%a + cos?a = 1

3 3
Ta c0: sina.cosa = Vi sin%a.cos?a = Te <> 16c0s%a.(1 — cos?a) = 3

<> 16c0s%a — 16co0s?a + 3 =0 <> 16co0s*a — 4cos?a — 12cos?a+3=0
< 4cos?a.(4cos?a — 1) — 3.(4cos?a— 1) = 0 <> (4cos?a—3)(4cos?a—1) =0

<> 4cos?a—3 =0 hoic 4cos’a—1=0
3 1

<> cos’a =— hoic cos?a =—
4 4

5 L A BC . .
Theo yéu cau trén phai c6: AC < BC & B < B <> cosa < sina <> cos?a < sina



. 1
&> 2cos?a < sina + cos?a <> cos?a < E

K= 4 <) . 1 1
Doi chicu diéu kién ta nhan cos?a = " <> cosa = > < a=60°

Ta sé tinh dién tich cac tam gidc DNG va BCG theo R khi CAB = 60°

Truéc khi tinh toan ta can c6 1 bai toan phu:

AB%+AC%-B(C?

Bai toan phu: Cho tam giac ABC c6 goc A nhon thi cosA =
2AB.AC

Chting minh bai toan phu: Néu goc C nhon thi ké BH | AC tai H => H thudc canh AC
T cac tam giac vuéng AHB va BHC cho: AH = AB.cosA
Ta cé: BC? = BH? + HC? = BH? + (AC — AH)? = BH? + AH? + AC? - 2AH.AC
= AB? + AC? — 2AB.AC.cosA
AB?+AC?-BC?
2AB.AC
Truong hop C la goc tu => goc B nhon thi ké CH _|_ AB tai H thi H thuoc canh AB. Chang

Tu d6 suy ra: CoOsA =

minh twong ty ta ciing thu duoc két qua trén.



Bai toan phu da duoc giai quyét. Quay trd lai bai toan chinh. Khi CAB = 60° thi:
Xét trong tam giac ABC vuong tai C c6:

AC = AB.cosCAB = 2R.cos(60°) = R

BC = AB.sinCAB = 2R.sin(60°%) = Rv3

AC.BC _ RRV3 _ RV3
AB 2R 2

AC.BC = CH.AB (cmt) => CH =

. R
AH = AC.cosCAB (ti s6 lugng giac tam giac vuéng AHC) = R.cos(60°) = B

R 3R
BH=AB-AH=2R-— = —

2 2
TrAC | BCvaOL | BC=>O0L//AC=>LOB = CAB = 60° (2 géc soloe trong)
Tam giac BOL vudng tai B nén: BL = OB.tanLOB = R.tan(60°) = Rv/3

AL? = AB? + BL? (dinh Ii pitago trong tam giac vudng ABL)

=> AL = VAB? + BL? = V4R% + 3R% = RV7
AB.BL = AL.BM (h¢ thtrc lugng trong tam giac vuong ABL c6 duong cao BM)
AB.BL  2R.R\3  2V21.R
AL RV 7
K¢MC’ | ABtaiC’;GB’ | ABtaiB’
Ta co: MB2 = BC’.AB (hé thuc lugng trong tam gidc vudng AMB)

=>a BM =

MB? 2V21.R\" 1 _ 6R
- (222) .2 -

= BC’ = —
AB 7

‘2R 7
C’M? = BM? — BC’2 (dinh li pitago trong tam giac vuéng MC’B)

2\/_R (@)2 _ 4V3R

7 7

=>a CM =VBM? — BC'Z—\/

Taco: AM | MBvaHQ | MB=>AM// HQ. Ap dung dinh li talet trong tam giac AMB

AH MQ M AH.MB R 2V21.R 1 \/21.R
_—_—=a > = .
AB MB Q AB 2 7 2R 4

3R 6R 9R
HC’=HB-(CB=— — — = —
2 7 14
HM?2 = MC’2 + HC’2 (dinh li pitago trong tam gidc vuéng MC’H)



(4\/§.R)2 _ V273R

9R
—> HM = «W—\/(
7 14

Theo nhu trén da c6: MG.MH = MQ.MB

MQMB _ \21.R 2Y21.R 14 _ 2y273R
MH 14 = 7 \273.R 91

=> MG =

Taco: MC’ | ABvaGB’ | AB=>MC’// GB’. Ap dung dinh Ii talet trong tam giac

MG  BICr MG.HC/ 2\/27 R 9R 14 _ 18R
MHC: — = =B’C’ =
MH HCI MH 91 14 "V273.R 91
18R . 6R  96R
BB’ =B'C’+BC' =——+ — = —
91 7 91
3R  96R  81R
HB’=HB-BB =—m — — = —
2 91 182
BIG HB/ B HBI.MC' 81R 4v/3.R 14 36v/3.R
— => > = — . e
MCr  HCr HC/ 182 7 "9R 91

HB.HC 3R RV3 1 34/3.R?
Do CH _|_BHnén: Sagnc i N

DoCH | BHvaGB’ | AB nén tr gidc CHB’G la hinh thang vuéng nén:

(CH+B'G).HBI _ (R\/§ 36\/§.R) 81R 1 _ 13203v3.R?

+ : o=
2 2 91 182 2 66248

Scupig =

B/G.BB! 36\/_R 96R 1 __ 3456V3.R?
2 91 ' 91 "2 16562

Do GB’ | BB’ nén: Spggic =

13203+/3.R? N 3456v3.R? _ 297/3.R?
66248 16562 728

Scupic + Sappic =

297+/3.R? S 34/3.R?

Do => § +S > S
728 3 CHBIG T OABBIG ABHC

=> G nam bén ngoai tam giac BHC

297+/3.R>  3v3.R? _ 33.R?
728 8 91

Nén: Sapce = Scupic + Sapeic — Saprc =
ABC = 90° — CAB = 90° — 60° = 30°

- 2R\3
Trong tam giac vuéng ABD: AD = AB.tanABC = 2R.tan(30°) = 3



2R 96R  86R
AB’=AB-BR =— — — = —
1 91 91

LBC =90° — 4ABC = 90° — 30° = 60°

Lai c6: LB = LC => tam giac LBC déu => BLC = 60°
KéD’F’ | HCtaiF’.DoHC | ABvaAB | BL
=>CH //BL => D'CF' = BLC = 60° (2 géc sole trong)

3sina.cosa 3 V3 3V3
Theo nhu trén dﬁ C(’): tanCHM ==, =
2 2 4 8
8 _ 83
tanCHM ~ 3vV3 9

=> cotCHM =

Tur cac tam giac vudng CF’D’ va HF’D’ vudng tai F’ cho:

F'DA3
3

F’C = F’D.cotD’CF’ = F’D.cot(60°) =

F'D.8\/3
F’H =F’D.cotCHM = —

RV3 _F'D8V3 F'DA3
=

Laico: CH=F'H-FC=>
9 3

RV3 F'D53 9R
& = =k

2 9 10
F'DA3 9R /3 3v3R
Tu do suyra CF’ = = —,— =
3 10~ 3 10
., CFr_ CFr _ 3J3R 1 _ 3V3R
~ cosDICFr cos60° 10 "2 5

Ké G’ | CH tai I'. Xét tir gidc H'GB’ ¢6 CHB' = HB'G = GI'H = 90°

36V3.R
91

=>a Tt giac HI’GB’ 1a hinh chir nhat => HI’ =B’G =

RV3 36V3.R _ 19V3.R
- =

I’'C=CH-HI’ =
91 182
19v3.R . 3+/3.R 184+/3.R
I'F’=I'C+CF = + =
182 10 455
V273.R  2V273.R  9V273.R
HG =HM - MG = — =

14 91 182



D’F’ | CHvaGI’ | CH=>F’D’// GI’. Ap dung dinh li talet trong tam giac HF’D’

I'H GH - I'FI.GH  184+v3.R 9V273.R 91 23v273.R
— = —=>GD’= = ) ) =
I'Er — GDr I'H 455 182 "36v3.R 455

Goi E’ 1a trung diém ctia canh AH, lai ¢6 K 1a trung diém cta canh AC
=> KE’ la duong trung binh cua tam giac AHC
AH R HC Rv3
=>HE =— = — ;KE'=— = —
2 4 2 4

1R _ 253R
82 364

DoKE’ | ABvaGB’ | AB néndé dai KG duoc tinh bing:

R 8
EB’=EF’H+B'H=—+
4 1

36v3.R R\/§)2 N (253R)2 _ 199R2
91 4 364 ) 364

2 . AC R
K 1a trung diém canh AC nén: KC = - = —

KG? = (B’G -~ KE)2 + E’'B’? = (

2
g A o R?  3R?
Tam giac BCK vuéng tai C nén: BK =VKC2+ BC2 = |— +

V13.R
4 1 2

Tam gidc BGM vuéng tai G nén:

2\/21.R)2 (2\/273.R)2 _ 12y/91R
7 91 91

BG = VMB? ~MG7 = J (
Goi Gx la tia doi cia tia GN
DoHG | BGvaGx _| BK =>Gxnam giita GH va GB => N thudc canh CD’
Tac6: NGD' = HGx (2 goc dbi dinh).

Ma HGx = KBG (cuing phu véi goc BGx).

T d6 suy ra NGD' = KBG => cosNGD’ = cosKBG
Taco: MHB < CHB = 90° => MHB la géc nhon, lai c6 goc MBA 1a goc nhon
=>a G thudc canh HM, K thudc canh AC => KBG < ABL = 90° => KBG la goc nhon

Ma lai c6: LCH > LCO = 90° => LCH la goc tu
Trong tam gidc CHD’ ¢6 LCH 1a goc ti => CD'H 1a géc nhon.

Tur d6 ap dung bai toan phu ta co:

BG2%+BK?%—-KG?
2BG.BK

cosNGD’ = cosKBG =



(@)2 +<mR>2_ 199R2

91 2 64 5vV7
2.124/91.R V13.R T 14
91 T2
9v273.R . 23vV273.R  273.R
HD’ =HG + GD’ = —+ =
182 455 10

o) (o)’ (|

CDr*+HDI?~HC? _ ( 5

10 2
cosCDH == Hpr 2.3v/3.R V13.R =201
5 " 10
, 234/273.R 57 17
Xeét trong tam giac NGD’ ¢c6 GD’ = ————; cosNGD’ =——; cosND’G = ——
455 14 2v91

Kiém tra thay NGD'~19,1°;, ND'G~27° nén day la cac goc nhon. Do d6, néu ké
NK’ | GD’ tai K thi K’ thu¢c canh GD’

14 )2 3 V3

tan’NGD’ =————-1= (_ —1=—= =>tanNGD’ =—
cos?NGD/ 5v7 25 5
, NK1 V3 5v3.NK/
Xét trong tam giac vuong NK’G: =tanNGD’ = —=>(GK’ =———
GK/ 5 3
207 2 75 5v3
tanZND’G=2——1 =\——) -l=—=tanND’G=—-
cos“NDIG 17 9 17
_ NK1 53 17+/3.NK1
Xét trong tam giac vuong NK’D: =tanND’'G= — =D K =—"7
DIK1 17 15

23v/273.R 5vV3.NKr  17+/3.NK/1
Taco: GD’ =GK’ + K’D’ = = +-

455 3 15

23v273.R 14+/3.NK/ 23.5v/273.R  23v91.R

& = & NK = =
455 5 455.14+/3 1274
Sin®ND’G = 1 IND’G =1 ( 17 )2 > inND’G 5V3
in ’G=1-cos 'G=1- = =>g3 CG=—"=
2491 364 n 24/91
. NKkr 23V91.R 2v91 _ 23V3.R
~ sinND/G 1274 " 5v3 105

3V3.R 23V3.R _ 8V3R
5 105 21

CN=CD’-ND’ =



Goi V’ 1a trung diém cta canh BL, ké NP> | AB tai P’; NP’ ¢t CV’ tai S

____ BLC 609
= = 300
2 2

Do tam gidc CBL déu=>CV’ | BL; BLC=60°; LCV' =

Tac6:CV’ | BLvaAB | BL=>AB// CV’
MaAB/CV’vaNP’ | AB=>NP’ | CV’'tai S’
Xet tu giac CHP’S’ co CH | BH; S’P’ | BH;CS’ | P'S’

_ RV3
=> Tu giac CHP’S’ 1a hinh chir nhat =>P’S’ = CH = T ; HP? =CS’

Tam giac CNS’ vudng tai S’ cho:

8V3.R V3 4R
CS’ = CN.cosLCV’ = CN.cos(30°) = — =
21 2 7
_ _ 8V3.R 1 43R
HP’= NS’ = CN.sinLCV’ = CN.sin(30°) = o1 E = 5

4R 81R 23R
BP=HP-HB =— — — = —
7 182 182

R 4R  15R
APP=AH+HP =—+ — = —
2 7 14

4v3.R n V3.R _ 29V3R
21 2 42

NP’ =NS’ + S’P’ =

DoAD | AB;GB’ | ABvaNP’ | AB nén céc to gidc ADNP’ ; ADGB’ va NGB’P’ la
cac hinh thang cho nén:

S __ (AD+NP1).APr (2\/§.R n 29\/§.R) 15R 1 _ 285v3.R?
ADNPr = 2 R 42 ) 14 "2 392

(AD+B'G).ABr _ (2/3.R  36V3.R\ 86R 1 _ 12470+3.R?
SADGB’ - — + . e

2 3 91 91 "2 24843

(NP'+B'G).BiPr _ (29Y3.R | 36V3.R\ 23R 1 _ 13639V3.R?

SNGBIPI = - . 5 =
2 42 91 182 "2 198744

12470v/3.R?> 13639+/3.R? 671+/3.R?
_|_ p—
24843 198744 1176

Sapcer + Sngeipr =

5 671v/3.R?> _ 285+/3.R? S e o
0] =>
1176 392 ADGB! NGBIPr ADNP/

=> G nam bén trong tr gid<c ADNP nén:



285v3.R* 671V3.R* _ 29V3.R?

SaonG = Sapner — (Sapeer + Sneeipr) =

392 1176 42
SaApNG ~ 29V3.R? 3+/3.R? 299
Vay = ! = (dpem)
SABCG 42 91 63
, S 299 2tan®AJK V3.5 4
Tém lai: ti s6 dien tich 2% 14 = khi bidu thic: - € dat
SABCG 63 tanMNG+tanCGV SAADB

L . 3V3
gia tri 16n nhat la ——
16



